We consider the problem of testing for unit roots at the zero and seasonal frequencies in timeseries data which are recorded semi-annually. The proposed methodology follows that of Hylleberg et al. (1990) and Beaulieu and Miron (1993) for quarterly and monthly data respectively. The non-standard asymptotic distributions for the single and joint tests are derived, and various percentiles of the finite-sample distributions are tabulated. Monte Carlo simulation is used to investigate the powers of the tests, and we illustrate their application to several semiannual economic time-series.
Introduction
There is now a well-established literature relating to the problem of testing for non-stationarity in seasonal economic time-series data. For example, some of the earlier literature on this topic can be found in Hylleberg (1992) , and a more recent overview is given by Franses (1997) . This issue is of considerable importance as the distinction needs to be drawn between unit roots at the zero frequency, and unit roots at some or all of the seasonal frequencies in the case of non-annual data.
An incorrect identification of the nature of such unit roots would lead to inappropriate filtering of the series prior to its use in regression analysis, say, as well as inadequate testing for possible cointegration between one such series and another.
A seasonal series is one which has a spectrum with distinct peaks at the seasonal frequencies, θ = (2πj/s), j = 1, 2, ....., s-1, where s is the number of seasons in the year. The frequencies of interest with quarterly data, for example, are at 0, ¼, ½, and ¾ cycles, or θ = 0, π/2, π, and 3π/2. An integrated series is one that has an infinite mass in its spectrum at some frequency, θ. In contrast, the spectrum of a stationary series is finite, but non-zero, at all frequencies. If a seasonal series has a unit root at all of its frequencies, it is said to be "seasonally integrated", or SI(s), and it needs to be s-differenced to make it stationary. Early contributions (e.g., Dickey et al., 1984) to the problem of testing for non-stationarity in seasonal time-series considered only a null of SI(s), and an alternative hypothesis of stationarity. That is, they did not consider the possibility of unit roots at only the seasonal (non-zero) frequencies, and neither did they allow for unit roots at a sub-set of the seasonal frequencies. The more recent test proposed by Kunst (1997) also falls into this category. In the case of quarterly data, this shortcoming was rectified partially by Osborne et al. (1988) , and more fully with the tests proposed by Hylleberg et al. (1990) (hereafter "HEGY") and Ghysels et al. (1994) . Franses (1991) and Beaulieu and Miron (1993) provided a similar testing framework for monthly data 1 .
Economic time-series data recorded only on a semi-annual basis are quite common. For example, many companies report their financial statements on this basis, at least on a provisional basis. The purpose of this paper is to investigate the properties of a HEGY testing framework in the case of semi-annual data, and to compare it with conventional Dickey-Fuller (1981) testing for unit roots at the zero frequency in such time-series. In the next section we describe the testing procedure, and section 3 discusses the asymptotic distributions of our test statistics. Section 4 deals with the finite-sample percentiles for these tests, and reports some small-sample power results. The application of the semi-annual HEGY tests is illustrated in section 5, and some concluding remarks and recommendations appear in section 6.
A testing framework

Background
In this section the framework for applying HEGY-type unit root tests is outlined for the case of semi-annual data. Recall the autoregressive model for a stochastic seasonal process, x t :
1)
where ε t ~ iid(0, σ 2 ), Ψ(B) is a polynomial in the backshift operator, B, and the roots of Ψ(B)=0
determine whether or not the series is stationary. For the purposes of the following derivation the data generating process of x t is assumed to be free of any deterministic components . Following HEGY (1990) and Beaulieu and Miron (1993) , Ψ(B) can be expressed in terms of elementary polynomials and a remainder: The θ k 's are the unit roots. In the case of semi-annual data we have θ 1 = 1 and θ 2 = -1, and so δ 1 (B) = (1-B), δ 2 (B) = (1+B), and ∆(B) = (1-B 2 ). Substituting these into equation (2.2) yields:
Next, let π 1 = -λ 1 and π 2 = -λ 2 , and substitute the right hand side of (2.3) into the autoregression equation Ψ(B)x t = ε t , so we have: 4) where:
Implementation of the tests
To apply the unit root tests with semi-annual data, equation (2.4) is estimated by Ordinary Least Squares (OLS). Using a 't-test', the null hypothesis of a unit root at the zero frequency (π 1 = 0) is tested against the one-sided alternative hypothesis π 1 < 0, which is equivalent to testing Ψ(1) = 0 versus the alternative of stationarity, Ψ(1) > 0. Similarly, the hypothesis of a unit root at the π frequency (π 2 = 0) is tested against the alternative π 2 < 0. In addition, the 'F-statistic' for π 1 = π 2 = 0 may be used to test if unit roots exist at both frequencies simultaneously: that is, if the series is "seasonally integrated". The asymptotic and finite-sample percentiles of these non-standard 't' and 'F' statistics are considered below, and various critical values are given in Table 2 .
These tests are evaluated under the assumption that Ψ * (B) = 1. However, as Beaulieu and Miron (1993) point out, if Ψ(B) is of order greater than S, then Ψ * (B) ≠1 and the fitted model must be "augmented" with lagged values of the dependent variable as extra regressors in order to whiten the errors. This follows from the findings of Said and Dickey (1984) in the context of the familiar (augmented) Dickey-Fuller (ADF) tests for unit roots at the zero frequency. These augmentations will introduce a finite-sample distortions in the null distributions of the 't' and 'F' tests that will die out asymptotically, provided the correct number of lags is added. In particular, the number of such augmentation terms, q, must be allowed to increase as the sample size increases. Beaulieu and Miron (1990) investigated these finite-sample distortions in the case of monthly data, and found that the true sizes (significance levels) of the individual unit root 't' tests were no higher than those implied by the asymptotic critical values. They therefore suggest that this distortion may cause under rejection of the unit root hypotheses in small samples with such data.
Asymptotic null distributions
HEGY-type tests for semi-annual data
This section presents the asymptotic null distributions for the half-yearly data tests under consideration in this paper. Fuller (1976) proves that when ρ = -1, the limiting null distributions of ρ and the associated test statistics in a simple random walk model, a random walk with drift, and a random walk with drift and trend, are simply the mirror image of the limiting distributions when ρ = 1 (Dickey and Fuller, 1979) . Moreover, HEGY (1990) show that the analysis of Chan and Wei (1988) can be used to extract the asymptotic distribution theory for the HEGY 't' tests from the results of Dickey and Fuller (1979) and Fuller (1976) .
The asymptotic null distributions for our two 't' statistics follow directly from the analyses 3 of HEGY (1990) and of Beaulieu and Miron (1993) . The latter provide the derivation of the asymptotic distributions under the assumption that ε t is a martingale difference 2 sequence with constant variance. A sequence of random scalars, {ε t ,} t=1 ∞ , is a martingale difference sequence if E(ε t ) = 0 for all t and E(ε t  ε t-1 ,…, ε 1 ) = 0 for t = 2, 3,…...,n. (Hamilton, 1994, p.189) .
When the unit root tests are applied in the context of a regression model without any deterministic terms the statistic t 1 has the same limiting null distribution as the familiar Dickey-Fuller (DF) 'ttest' statistic:
where W(r) denotes a standard Brownian motion and ∫ 1 0 is a stochastic integral (Ghysels et al., 1994; Hamilton, 1994) . Further, the asymptotic null distribution of t 2 is the mirror image of the usual DF distribution; that is, the negative of the t 2 has the asymptotic distribution in (3.1).
Essentially, these results follow from the fact that z 1t and z 2t in equation (2.5) are asymptotically uncorrelated. Ghysels, et al.(1994) show that this relationship with the usual DF 't-tests' also holds in finite samples. By the same arguments, this will also be true for semi-annual data. Further, from the results of Engle, Granger, Hylleberg and Lee (1993) , they prove that for quarterly seasonal data the asymptotic null distributions for 'F' statistics for testing either (i) that the series is seasonally integrated; or (ii) that there are unit roots at all seasonal frequencies; are the same as the limiting distributions of the sum of the appropriate squared 't-statistics'. Similarly, the asymptotic null distribution of our F 12 statistic, for seasonally integrated half-yearly data, follows directly from the limiting distributions of the sum of the squares of t 1 and t 2 . So, in the case of no drift, no trend, and no seasonal dummy variable in the fitted regression we have:
where W i (r) for i = 1,2 denote independent standard Brownian motions (Ghysels, et al., 1994) .
Next, consider the asymptotic null distributions of the tests when deterministic terms are added to the fitted regression equation, (2.4) . The general effects of the various deterministic terms are discussed and then the actual distributions are presented following the notation of Beaulieu and Miron (1993) . The addition of drift or trend terms affects the asymptotic null distribution of t 1 because these components have their spectral mass at the zero frequency (HEGY, 1990 ).
However, the asymptotic distribution of t 2 is independent of the drift and trend terms as z 2t is asymptotically orthogonal to terms that are not periodic (Beaulieu and Miron, 1993) . Recall that the asymptotic distribution of the F 12 statistic is related to those of the squared t 1 and squared t 2 statistics. Thus, the asymptotic null distribution of the F 12 statistic will also change with the addition of deterministic terms, as the distribution of t 1 changes when a drift and/or trend is added to the fitted regression.
In the case of the 't' statistics, the effect of adding a seasonal dummy variable into the "HEGY regression" is the reverse of that of adding constant and trend components. Once a constant term is included in the regression, the addition of a seasonal dummy variable does not affect the asymptotic null distribution of t 1 any further. The subsequent addition of a seasonal dummy variable does, however, change the asymptotic null distribution of t 2 , and so the asymptotic properties of F 12 also change in this case. Again, this all follows for reasons analogous to those in the case of quarterly data. Some further insights into these, and other relationships between the tests, in case of quarterly data are given by Smith and Taylor (1998) . 7 The forms of the various asymptotic distributions can now be summarized. Let the distributions of t 1 and t 2 when deterministic terms are excluded from the regression equation be denoted as:
Following the notation of Beaulieu and Miron (1993) N 1 x and N 2 x represent the part of the numerator that differs from that in the above t 1 and t 2 distributions, respectively. Similarly D 1 x and D 2 x represent the part of the denominator that differs. The four variations of deterministic terms in the fitted regression model are represented by x = µ, τ, ξ, and ξτ, corresponding to regressions with a constant, a constant and trend, a constant and seasonal dummy, and finally a constant, trend and seasonal dummy. Thus, the general form of the limiting null distributions for the 't-statistics' can be written as:
The five possible asymptotic null distributions for each of the test statistics are summarized in Table 1 . Only the parts of the numerator and denominator that differ from the no-drift, no-trend model, are given for the 't' statistics. This is done to provide visual representation of the distributions that are the same. The full asymptotic null distribution of the F 12 statistic is given in terms of these components.
[ Table 1 About Here]
Dickey-Fuller tests and semi-annual data
Several properties of the Dickey-Fuller 't-test' have been analyzed in the context of seasonal data.
For example, HEGY (1990) showed it to have asymptotic equivalence to their t 1 statistic in the "no drift/no trend" case. Ghysels, et al. (1994) demonstrated that when unit roots exist at seasonal frequencies the Dickey-Fuller 't-test' is still a valid test for unit roots at the zero frequency, provided the usual DF regression is appropriately "augmented" with l ≥ s-1 lagged values of the 8 differenced series. They use Monte Carlo simulations to see how the existence of seasonal unit roots influences the finite-sample size and power of the test. Their results show that, in the case of quarterly data, when l < s-1 the size of the DF test is severely distorted. When l ≥ s-1 the size is close to its nominal size, provided the data generating process is free of negative moving average components.
Although we have not explicitly explored these characteristics of the DF 't-test' in the context of semi-annual data here, intuitively it is clear that corresponding results to those above will hold (with s = 2).
Moving-average errors
Although the HEGY test provides for identification of roots at different frequencies, it has been found to suffer from size distortions from negative MA components in the data generating process. In particular, for the data generating process: 5) where u t = ε t + θ 1 ε t-1 + θ 4 ε t-4 , and θ 1 = -0.9, the near cancellation of (1 -B) in the autoregressive component of u t makes the unit root at the zero frequency difficult to detect. This also explains why the Dickey-Fuller test suffers from size distortions with negative MA components, because it has the same distribution as the HEGY t 1 test when l ≥ s-1. This is not a trivial problem as such situations arise frequently in practice.
A large bias in size or very low power was also found to occur when seasonal dummies are in the data generating process, but are not included in the regression. This provides justification for including deterministic terms or additional lags even though they may be irrelevant and thus may reduce the power of the test.
Finite-sample results
Critical Values
We have investigated the small-sample distributions of our three semi-annual unit root tests under both the null and alternative hypotheses using Monte Carlo simulations. All of these simulations were implemented using SHAZAM (1997) on a DEC Alpha 3000 workstation. The data generating process used was x t = x t-2 + ε t , where the ε t values were generated by the normal random number generator in SHAZAM. Table 2 .
[ Table 2 About Here]
There is no discernable change in the t 2 critical values when a drift and/or trend are added to the fitted regressions, as was indicated by the asymptotic distribution theory in the previous section.
In contrast, the critical values for t 1 change when either a drift or trend is added to the fitted model on which the tests are based. The subsequent addition of a seasonal dummy variable does not then change the finite sample distribution of t 1 , but it does change that of t 2 . As predicted by the asymptotic distribution theory, the 'F 12 statistic' critical values change with each variation to the deterministic components in the fitted regression, as its distribution is the same as the distribution of the sum of the squares of t 1 and t 2.
It is also worth noting the very close accordance between the no-drift, no-trend values for t 1 in Table 2 , -1.6165 from MacKinnon, and -1.62 from HEGY. The critical values for t 2 (i.e., for testing H 0 : π 2 = 0) in Table 2 can be compared with the HEGY (1990) critical values for the fitted model with no deterministic terms. For the 10% level and n = 200 the two statistics are -1.6112 and -1.61 respectively.
The results in Table 2 are based on a data generating process (d.g.p.) of x t = x t-2 + ε t . That is, unit roots are present at both the zero and π frequencies -the semi-annual series is "seasonally integrated". An alternative approach is to consider a data generating process that has a unit root at only one of these frequencies, but then still base the unit roots tests on the HEGY-type integrating regression as in equation (2.4). Critical values were also generated for these tests. In the test for a unit root only at the zero frequency, a simple random walk was used as the d.g.p.; in the second case the d.g.p. had a unit root at the π frequency but not at the zero frequency. For completeness, these results appear in Table 3 .
[ Table 3 About Here]
Powers of the tests
The Monte Carlo experiment was also used to simulate the size-adjusted powers of the test statistics developed in this paper, for the following three fitted regressions: drift, seasonal dummy variable, and trend (D, S, T); drift, seasonal dummy variable, and no trend (D, S, NT); drift, no seasonal dummy, with trend (D, NS, T).
Using the d.g.p. of Table 2 , namely x t = ρ x t-2 + ε t , the size-adjusted powers of the tests of π 1 = 0, π 2 = 0 and π 1 = π 2 = 0, were simulated for ρ = [0.0(0.1)1.0] and various sample sizes (n). Each power curve was generated using 20,000 repetitions. The results of these empirical power simulations for the t 1 , t 2 , and F 12 tests are given in Tables 4-6 , for the case where the d.g.p. is as in Table 2 ; and in Tables 7 and 8 for the case where the d.g.p. is as in Table 3 . Illustrative plots appear in Figures 1-3 and Figures 4 and 5 respectively.
[Tables 4 to 8 About Here]
These results show that the power curves for large sample sizes have the basic expected shape.
That is, they move towards 100% as ρ moves away from 1. There is reasonable power when n = 100, but very low size-adjusted power when the sample size is small. This is no surprise given other results for similar such unit root tests. The patterns in the results as the sample size is increased reflect the consistency of the tests. Changing the significance level of the test yields the usual tradeoff between the size and power. As expected, the tests based on auxiliary regressions without a drift or trend have more power than their counterparts with deterministic terms, because the data generating process does not include deterministic terms.
[ Figures 1 to 5 About Here]
Some applications
The application of the testing procedures discussed in this paper is illustrated here for four quite December 1995 (Waterman, 1998) .
These series are shown 7 in Figure 6 , and Table 9 presents the results of testing for a unit root only at the zero frequency, using the ADF tests. We allowed for drift and/or trend in the ADF regressions, and used the strategy of Dolado et al. (1990) to determine their final inclusion 4 . The "augmentation level", q, for the regressions was chosen as the minimum required to obtain "clean" autocorrelation and partial autocorrelation functions for the associated residuals 5 ; and a seasonal dummy variable was included with any drift term 6 . As can be seen, the ADF tests suggest in each case that the series are I(1). Accordingly, one would infer that the series can be made stationary via simple first-differencing.
In Table 10 we show the results of applying the semi-annual HEGY tests outlined in this paper. In the cases (i), (iii) and (iv) we find that in fact the series are SI(1) -that is, they each have unit roots at both the zero and π frequencies. So, in fact two-period differencing is the appropriate filter needed to make these series stationary. The earlier conclusion that series (ii) has a unit root (only) at the zero frequency is upheld in Table 10 , but these examples certainly illustrate the need for care when applying standard ADF tests to semi-annual data.
[ Figure 6 About Here]
[ Tables 9 and 10 About Here]
Conclusions
In this paper we have discussed a framework for testing for unit roots in time-series data that are reported at a maximum frequency of twice a year. In such cases, the possibility of unit roots at the zero and/or π frequencies arises, and the testing strategies developed by Hylleberg et al. (1990) and Beaulieu and Miron (1993) provide a natural framework to exploit. The asymptotic null distributions of the tests we propose are derived, discussed and summarized, and in certain cases they can be linked to existing results associated with the well-known tests of Fuller (1979, 1981) . Simulated percentiles for the finite-sample null distributions of the test statistics are tabulated for various sample sizes and combinations of deterministic terms in the fitted regressions. The powers of the tests are simulated under a similar range of situations, and their application is illustrated with several actual semi-annual time-series.
The analysis in this paper may be extended in several directions. The obvious one is to investigate the properties of corresponding tests for cointegration. Other topics of interest include the size-robustness of the tests to autocorrelation in the data-generating process; to the method used to select an appropriate "augmentation level"; and to structural breaks in the data. These remain matters for future research. Table 1 Effects of deterministic terms on asymptotic distributions of semi-annual unit root tests Table 9 Results of ADF tests Notes: "n" is the sample size; "q" is the "augmentation level" for the tests; "D, S, T" denotes "drift, seasonal dummy, trend"; "D, S, NT" denotes "drift, seasonal dummy, no trend"; "ND, NS, NT" denotes "no drift, no seasonal dummy, no trend". The other notation is defined in the text. Figure 1 Power of the t 1 test. Drift, seasonal dummy and trend in regression. 10% size.
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